Obstacle avoidance is a core part of the autonomous driving of off-road vehicles, such as semi-trailers. Due to the long length of semi-trailers, the traditional obstacle avoidance controller based on the circumcircle model can ensure that there is no collision between the semi-trailer and the obstacle, but it also greatly reduces the passable area. To solve this problem, we propose a new obstacle avoidance model. In this model, the distance between the obstacle and the middle line of semi-trailers is used as the indicator of obstacle avoidance. Based on this model, we design a new obstacle avoidance controller for semi-trailers. The simulation results show that the proposed controller can ensure that no collision occurs between the semi-trailer and the obstacle. The minimum distance between the obstacle center and the semi-trailer body trajectory is greater than the sum of the obstacle radius and the safety margin. Compared with the traditional obstacle avoidance controller based on the circumcircle model, the proposed controller greatly reduces the error between the semi-trailer and the reference path during obstacle avoidance.
Introduction
For unmanned vehicles, especially off-road unmanned vehicles, obstacle detection and avoidance are very important [1, 2] . Semi-trailers are often used for off-road transport, and the goods being transported include ore and wood. So, obstacle avoidance of semi-trailers is a key technology of autonomous off-road transportation.
At present, there are two kinds of common obstacle avoidance methods for vehicles. One is non-global path planning, and the other is obstacle avoidance control through model predictive control (MPC) . There are many obstacle avoidance methods based on path planning. Yuan proposed a multi-layer obstacle avoidance path planning method for tractor-trailer mobile robots [3] . Sgorbissa and Zaccaria proposed an improved path planning algorithm based on Artificial Potential Fields (APFs) [4] . Fahimi et al. proposed a method that allows multiple robots to avoid each other [5] . There is no doubt that these works are significant. However, researchers who study path planning often treat the vehicle as a point and do not focus on the constraints of the vehicle.
MPC is a control method that can explicitly take system constraints into consideration [6] . Thus, MPC is increasingly being applied to the control of vehicles. Yoon et al. proposed an obstacle avoidance controller based on MPC [7] . Frasch et al. improved the real-time performance of the MPC-based obstacle avoidance controller [8] . Gong et al. designed an MPC-based obstacle avoidance method based on the penalty function [9] . Nayl et al. proposed an MPC-based obstacle avoidance method for an articulated vehicle [10] . Wang et al. proposed an obstacle avoidance controller for World Electric Vehicle Journal 2019, 10, 72 2 of 21 three-dimensional space [11] . Liu et al. improved the robustness of the MPC-based obstacle avoidance controller and proposed a controller that simultaneously adjusts the velocity and heading [12, 13] . Hua et al. proposed an MPC-based obstacle avoidance method based on the restricted areas penalty function [14] . We propose a nonlinear MPC-based obstacle avoidance controller for agricultural trailers [15] . These studies are of great significance for the application of MPC in the obstacle avoidance control of vehicles. However, in these papers, the vehicle was treated as a circumcircle of the vehicle or just a point.
It is safe to treat a small-sized robot as a point, but treating a large-sized vehicle as a point may cause a collision between the vehicle and the obstacle. Considering the vehicle as a circumcircle of the vehicle can avoid collisions completely. This model is safe for the obstacle avoidance control of the vehicle. However, for vehicles with a large length, the radius of the circumcircle is too large compared to the width of the body. For example, if the semi-trailer is treated as a circumcircle and the length of the semi-trailer is 16 m, the controller will have to control the vehicle to avoid obstacles within 8 m from the side of the body. For normal driving, it is not necessary for the distance between the vehicle and the obstacle to be so large. Moreover, treating the vehicle as a circumcircle will reduce the passable area of the vehicle.
Therefore, we believe that it is necessary to propose a new MPC-based controller for the obstacle avoidance control of semi-trailers. In this paper, the main contribution is to propose an obstacle avoidance model, and, based on this model, an obstacle avoidance controller for semi-trailers is designed. Compared to controllers based on the circumcircle model, the proposed controller can reduce the error between the vehicle and the reference path while ensuring no collisions occur.
The rest of this paper is arranged as follows: Section 2 introduces the obstacle avoidance model. In Section 3, the MPC controller is designed. Moreover, simulation results are given in Section 4. A brief conclusion of this paper is presented in Section 5.
Obstacle Avoidance Model
Both dynamic models [16] and kinematics models [17] [18] [19] [20] [21] can be used as the basis for the obstacle avoidance model. The dynamic model can accurately provide the position and posture of the vehicle, but this model is very complicated. Compared to the dynamic model, the kinematics model is simple, and when the driving velocity is not too high, the position and posture of the vehicle also can be accurately provided. Since the purpose of this paper is to propose an obstacle avoidance controller for off-road semi-trailers, and the off-road semi-trailer usually travels at low velocities, we use the kinematics model as the basis for the obstacle avoidance model. If a high velocity needs to be considered, a new obstacle avoidance model can be obtained by replacing the kinematics model with a dynamic model.
Kinematics Model
The semi-trailer consists of two bodies, of which the front body is the tractor and the rear body is the trailer. The kinematics model of the semi-trailer is shown in Figure 1 . The physical meanings of the parameters are shown in Notation.
In kinematic models, it is generally assumed that the vehicle meets non-holonomic constraints. Therefore, for the tractor, it can be considered that its equivalent rear axle, that is, the point P where the traction disc is located, has no lateral velocity:
where . Then, (1) can be rewritten as
According to the geometric relationship, the positions of P f f and P f r can be derived:
Since the velocities of the trailer and the tractor at point P are the same and the equivalent rear axle of the trailer is also assumed to be without lateral velocity, the following equation can be obtained:
According to the geometric relationship, the positions of P r f and P rr can be derived:
Combining the above formulations, the kinematics model of the semi-trailer can be concluded, as follows:
where v f and δ are the control inputs. 
Obstacle Avoidance Model
First, the principle of obstacle avoidance of the circumcircle model is introduced. In this paper, it is assumed that the obstacle is fixed, and the shape of the obstacle is a cylinder. So, we assume that, in the plane, the obstacle is a circle. In Figure 2 , the black circle is the obstacle. Its radius is equal to the sum of the radius of the obstacle and the safety margin. For the circumcircle obstacle avoidance model, the circumcircle overlaps with the obstacle circle; that is, the obstacle avoidance fails, as shown in the red trajectory in Figure 2 . The index for judging whether the circumcircle and the obstacle circle overlap is based on whether the distance between the center of the circumcircle and the center of the obstacle is greater than the sum of the radii of the two circles. Therefore, if the distance is less than the sum of the radii of the two circles, the penalty function will be set to a large value. Thus, the vehicle can be forced to travel along the green trajectory, thereby completing the obstacle avoidance. More details can be found in [9, 14] . 
Obviously, for semi-trailers, the radius of the circumcircle is much larger than the width of the vehicle, so this model will seriously reduce the passability of the semi-trailer. So, the model must be changed, but, as shown in Figure 4 , if we only reduce the radius of the circumcircle, it can increase the passability, but it may lead to obstacle avoidance failure. So, we propose a new model
The semi-trailer consists of two bodies, so the obstacle avoidance model can also be built separately. For the tractor, the area around the body can be divided into three parts, as shown in Figure 5 . The physical meanings of the parameters are shown in Notation.
When the vehicle is moving forward, if the obstacle is in A , the obstacle will be in B in the future. Since the MPC controller can predict the state of the vehicle in a time domain, at a specific moment, the obstacle in A can be ignored, and this obstacle will be considered in the prediction time domain. If the obstacle is in C , it will not affect safety when the vehicle is moving forward. Therefore, the obstacle avoidance model only needs to express the situation that the obstacle is in B .
Whether the obstacle is in B or not can be judged by the following formula:
Then, the following function can be set as the obstacle avoidance model according to the distance between the obstacle center and the middle line of the tractor:
where b l is half the width of the semi-trailer, r l is the radius of the obstacle, and s l is the safety margin.
For the trailer, the same method can be used to establish the obstacle avoidance model. As shown in Figure 6 , the area around the body can be divided into D , E , and F , and the obstacle avoidance model only needs to express the situation where the obstacle is in E . The physical meanings of the parameters in Figure 6 are shown in Notation. The final obstacle avoidance model for the trailer is shown as follows: Figure 3 shows the circumcircle model of the semi-trailer, and the radius of the circumcircle is set to
When the vehicle is moving forward, if the obstacle is in A, the obstacle will be in B in the future. Since the MPC controller can predict the state of the vehicle in a time domain, at a specific moment, the obstacle in A can be ignored, and this obstacle will be considered in the prediction time domain. If the obstacle is in C, it will not affect safety when the vehicle is moving forward. Therefore, the obstacle avoidance model only needs to express the situation that the obstacle is in B.
where
where l b is half the width of the semi-trailer, l r is the radius of the obstacle, and l s is the safety margin. For the trailer, the same method can be used to establish the obstacle avoidance model. As shown in Figure 6 , the area around the body can be divided into D, E, and F, and the obstacle avoidance model only needs to express the situation where the obstacle is in E. The physical meanings of the World Electric Vehicle Journal 2019, 10, 72 6 of 21 parameters in Figure 6 are shown in Notation. The final obstacle avoidance model for the trailer is shown as follows:
Combining (10) and (12), the obstacle avoidance model of the semi-trailer can be abbreviated as
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Combining (10) and (12), the obstacle avoidance model of the semi-trailer can be abbreviated as , and 0, and
Combining (10) and (12), the obstacle avoidance model of the semi-trailer can be abbreviated as 
MPC Controller Design
The MPC controller usually consists of two parts: the prediction model and the optimization function. Therefore, the design of the obstacle avoidance controller is also divided into two parts.
Prediction Model
The basis of the prediction model is the obstacle avoidance model. For clarity, (7) is abstracted as
Since the control period is very small, (14) can be discretized by the Euler method as
where T is the control period, x(t + 1|t) represents the first predicted value of x at time t, and u(t + 1|t) represents the first predicted inputs at time t.
Then, the position and posture of the semi-trailer in the predicted time domain can be obtained:
. .
where N p is the prediction time domain and N c is the control time domain. From Notation, it can be obtained that s is a function of x.
where i = 1, 2, 3, · · · , N p . So, (18) is the prediction model of the obstacle avoidance controller.
Optimization Function
Referring to [9, 14, 15] , the optimization function of the MPC-based obstacle avoidance controller needs to be merged into the same optimization formula with the optimization function of the MPC-based path tracking controller. Therefore, the optimization function can be designed as follows:
where J s is the optimization function of the obstacle avoidance controller, and J p is the optimization function of the path tracking controller. Currently, there are some MPC-based controllers for the path tracking of vehicles [22] [23] [24] [25] [26] . With reference to these papers, the optimization function of the MPC-based path tracking controller can be easily obtained. Therefore, the deduction process of J p is no longer described in this paper. J s is designed as
where P is the weight matrix.
On this basis, we refer to the vehicle system constraints measured by Gong et al. [27] and consider making the vehicle travel as smoothly as possible. Thus, the final optimization objective function is designed as
By solving (21), the following control sequence can be obtained:
where u(t + 1|t) is the next control input to the semi-trailer.
Simulation
The proposed obstacle avoidance controller was simulated by MATLAB/Simulink (MathWorks, Natick, MA, USA). The algorithm of the optimization solution used was the active-set in MATLAB.
Since the obstacle position information can be set directly, the obstacle detection system was not included in the simulation system. In the real world, the obstacle position information can be obtained by laser radars or other sensors. The parameters in the simulation system are shown in Table 1 , where Q and R are the weight matrices of the optimization function of the path tracking control. The proposed controller was compared with an obstacle avoidance controller based on a circumcircle model. The other parameters of this controller were the same as those of the proposed controller. In the simulation results, the controller proposed in this paper was named the controller based on the line model, and the other was named the controller based on the circumcircle model.
The simulation consisted of two groups. The purpose of the first group was to verify the performance of the two controllers when the obstacle was far from the reference path, and the purpose of the second group was to verify the performance when the obstacle was on the reference path.
First Group
In this group of simulations, the direction of the reference path was the same as that of the X-axis, and the obstacle was located to the left of the reference path at a distance of 2.5 m. This distance was greater than the sum of the half of the body width, the obstacle radius, and the safety margin. So, there was no need to avoid this obstacle. Figure 7 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 8 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller did not control the semi-trailer to leave the reference path. Additionally, the minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 1.2510 m. This value is larger than the sum of the obstacle radius and the safety margin. proposed controller did not control the semi-trailer to leave the reference path. Additionally, the minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 1.2510 m. This value is larger than the sum of the obstacle radius and the safety margin. Figure 9 shows the trajectory produced by the semi-trailer under the control of the controller based on the circumcircle model. Figure 10 is a partially enlarged view of this trajectory. The trajectory indicates that this controller caused the semi-trailer to leave the reference path. Additionally, the minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 6.2015 m. This value is too big to be necessary. Figures 11 and 12 show the control inputs. Figure 13 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error of the controller based on the circumcircle model was 6.2009 m. This value of the proposed controller was 0 m. Figure 14 shows the heading error between the tractor and the reference path. The maximum heading error of the controller based on the circumcircle model was 0.3001 rad. The value of the proposed controller was 0 rad. proposed controller did not control the semi-trailer to leave the reference path. Additionally, the minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 1.2510 m. This value is larger than the sum of the obstacle radius and the safety margin. Figure 9 shows the trajectory produced by the semi-trailer under the control of the controller based on the circumcircle model. Figure 10 is a partially enlarged view of this trajectory. The trajectory indicates that this controller caused the semi-trailer to leave the reference path. Additionally, the minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 6.2015 m. This value is too big to be necessary. Figures 11 and 12 show the control inputs. Figure 13 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error of the controller based on the circumcircle model was 6.2009 m. This value of the proposed controller was 0 m. Figure 14 shows the heading error between the tractor and the reference path. The maximum heading error of the controller based on the circumcircle model was 0.3001 rad. The value of the proposed controller was 0 rad. Figure 9 shows the trajectory produced by the semi-trailer under the control of the controller based on the circumcircle model. Figure 10 is a partially enlarged view of this trajectory. The trajectory indicates that this controller caused the semi-trailer to leave the reference path. Additionally, the minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 6.2015 m. This value is too big to be necessary. Figures 11 and 12 show the control inputs. Figure 13 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error of the controller based on the circumcircle model was 6.2009 m. This value of the proposed controller was 0 m. Figure 14 shows the heading error between the tractor and the reference path. The maximum heading error of the controller based on the circumcircle model was 0.3001 rad. The value of the proposed controller was 0 rad. The above results show that the controller based on the circumcircle model greatly reduced the passable area of the semi-trailer. Additionally, the controller proposed in this paper was able to solve this problem. Compared with the controller based on the circumcircle model, the proposed The above results show that the controller based on the circumcircle model greatly reduced the passable area of the semi-trailer. Additionally, the controller proposed in this paper was able to solve this problem. Compared with the controller based on the circumcircle model, the proposed The above results show that the controller based on the circumcircle model greatly reduced the passable area of the semi-trailer. Additionally, the controller proposed in this paper was able to solve this problem. Compared with the controller based on the circumcircle model, the proposed The above results show that the controller based on the circumcircle model greatly reduced the passable area of the semi-trailer. Additionally, the controller proposed in this paper was able to solve this problem. Compared with the controller based on the circumcircle model, the proposed controller reduced the displacement error and the heading error between the semi-trailer and the reference path by 6.2009 m and 0.3001 rad, respectively.
World Electric Vehicle Journal 2019, 10, x 12 of 21 controller reduced the displacement error and the heading error between the semi-trailer and the reference path by 6.2009 m and 0.3001 rad, respectively. Heading error between the tractor and the reference path in the first group of simulations. Figure 14 . Heading error between the tractor and the reference path in the first group of simulations.
Second Group
In this group of simulations, the reference path was the same as that of the previous group. The obstacle was on the reference path. Figure 15 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 16 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller kept the semi-trailer away from the obstacle. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 0.9398 m. This value is larger than the sum of the obstacle radius and the safety margin. Figure 17 shows the trajectory produced by the semi-trailer under the control of the controller based on the circumcircle model. Figure 18 is a partially enlarged view of this trajectory. The trajectory shows that the controller based on the circumcircle model left the semi-trailer very far away from the reference path. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 1.9970 m. This value is too big to be necessary. Figures 19 and 20 show the control inputs. With the proposed controller, the semi-trailer traveled more smoothly. Figure 21 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error of the controller based on the circumcircle model was 25.3541 m. This value of the proposed controller was 2.5324 m. Figure 22 shows the heading error between the tractor and the reference path. The maximum heading error of the controller based on the circumcircle model was 1.5707 rad. This value of the proposed controller was 0.0866 rad.
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In this group of simulations, the reference path was the same as that of the previous group. The obstacle was on the reference path. Figure 15 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 16 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller kept the semi-trailer away from the obstacle. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 0.9398 m. This value is larger than the sum of the obstacle radius and the safety margin. Figure 17 shows the trajectory produced by the semi-trailer under the control of the controller based on the circumcircle model. Figure 18 is a partially enlarged view of this trajectory. The trajectory shows that the controller based on the circumcircle model left the semi-trailer very far away from the reference path. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 1.9970 m. This value is too big to be necessary. Figures 19 and 20 show the control inputs. With the proposed controller, the semi-trailer traveled more smoothly. Figure 21 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error of the controller based on the circumcircle model was 25.3541 m. This value of the proposed controller was 2.5324 m. Figure 22 shows the heading error between the tractor and the reference path. The maximum heading error of the controller based on the circumcircle model was 1.5707 rad. This value of the proposed controller was 0.0866 rad. 
In this group of simulations, the reference path was the same as that of the previous group. The obstacle was on the reference path. Figure 15 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 16 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller kept the semi-trailer away from the obstacle. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 0.9398 m. This value is larger than the sum of the obstacle radius and the safety margin. Figure 17 shows the trajectory produced by the semi-trailer under the control of the controller based on the circumcircle model. Figure 18 is a partially enlarged view of this trajectory. The trajectory shows that the controller based on the circumcircle model left the semi-trailer very far away from the reference path. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 1.9970 m. This value is too big to be necessary. Figures 19 and 20 show the control inputs. With the proposed controller, the semi-trailer traveled more smoothly. Figure 21 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error of the controller based on the circumcircle model was 25.3541 m. This value of the proposed controller was 2.5324 m. Figure 22 shows the heading error between the tractor and the reference path. The maximum heading error of the controller based on the circumcircle model was 1.5707 rad. This value of the proposed controller was 0.0866 rad. Compared with the controller based on the circumcircle model, the proposed controller reduced the displacement error and the heading error between the semi-trailer and the reference path by 22.8217 m and 1.4841 rad, respectively. Compared with the controller based on the circumcircle model, the proposed controller reduced the displacement error and the heading error between the semi-trailer and the reference path by 22.8217 m and 1.4841 rad, respectively. Compared with the controller based on the circumcircle model, the proposed controller reduced the displacement error and the heading error between the semi-trailer and the reference path by 22.8217 m and 1.4841 rad, respectively. Compared with the controller based on the circumcircle model, the proposed controller reduced the displacement error and the heading error between the semi-trailer and the reference path by 22.8217 m and 1.4841 rad, respectively.
Third Group
In this group of simulations, the reference path was the same as that used for the previous group. There were two obstacles in this set of simulations, and the first obstacle was on the reference path. Figure 23 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 24 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller kept the semi-trailer away from the obstacle. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 0.9419 m. This value is larger than the sum of the obstacle radius and the safety margin.
In this group of simulations, the reference path was the same as that used for the previous group. There were two obstacles in this set of simulations, and the first obstacle was on the reference path. Figure 23 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 24 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller kept the semi-trailer away from the obstacle. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 0.9419 m. This value is larger than the sum of the obstacle radius and the safety margin. Figures 25 and 26 show the control inputs. With the proposed controller, the semi-trailer traveled more smoothly. Figure 27 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error was 2.5253 m. Figure  28 shows the heading error between the tractor and the reference path. The maximum heading error was 0.0872 rad. This set of simulation results shows that the obstacle avoidance controller is still effective when there are multiple obstacles. In this group of simulations, the reference path was the same as that used for the previous group. There were two obstacles in this set of simulations, and the first obstacle was on the reference path. Figure 23 shows the trajectory produced by the semi-trailer under the control of the proposed controller. Figure 24 is a partially enlarged view of this trajectory. The trajectory shows that the proposed controller kept the semi-trailer away from the obstacle. The minimum value of the distance between the obstacle center and the trajectory of the semi-trailer was 0.9419 m. This value is larger than the sum of the obstacle radius and the safety margin. Figures 25 and 26 show the control inputs. With the proposed controller, the semi-trailer traveled more smoothly. Figure 27 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error was 2.5253 m. Figure  28 shows the heading error between the tractor and the reference path. The maximum heading error was 0.0872 rad. This set of simulation results shows that the obstacle avoidance controller is still effective when there are multiple obstacles. Figure 27 shows the displacement error between the midpoint of the rear axle of the tractor and the reference path. The maximum displacement error was 2.5253 m. Figure 28 shows the heading error between the tractor and the reference path. The maximum heading error was 0.0872 rad. This set of simulation results shows that the obstacle avoidance controller is still effective when there are multiple obstacles. World Electric Vehicle Journal 2019, 10, x 17 of 21 
Conclusions
Aiming at the obstacle avoidance control of the semi-trailer, we proposed a new obstacle avoidance model, and based on this model, an obstacle avoidance controller based on MPC was proposed. According to the simulation results, the following conclusions can be drawn.
Firstly, the controller proposed in this paper can ensure that there is no collision between the semi-trailer and the obstacle. In the simulation results, the minimum distance between the obstacle center and the body trajectory was 0.9398 m, which is greater than the sum of the obstacle radius and the safety margin.
Secondly, compared with the controller based on the circumcircle model, the proposed controller can reduce the error between the semi-trailer and the reference path during obstacle avoidance. In the simulation results, the displacement error was reduced by at least 6.2009 m, and the heading error was reduced by at least 0.3001 rad.
In addition, the simulation results show that although the controller based on the circumcircle model ensured no collision between the semi-trailer and the obstacle occurred, the semi-trailer was too far from the reference path during obstacle avoidance.
Taking into account the above conclusions, we think that the controller proposed in this paper is more suitable for the obstacle avoidance of semi-trailers than the traditional controller based on the circumcircle model. 
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Notation δ
The angle of the steering wheels of the semi-trailer vf
The longitudinal velocity of the tractor vr
The longitudinal velocity of the trailer θf
Heading of the tractor Figure 28 . Heading error between the tractor and the reference path in the third group of simulations.
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Notation δ
The angle of the steering wheels of the semi-trailer v f
The longitudinal velocity of the tractor v r
The longitudinal velocity of the trailer θ f
Heading of the tractor θ r
Heading of the trailer γ
The angle between the tractor and the trailer P (x f , y f ) The midpoint of the equivalent rear axle of the tractor The articulation point of the tractor and the trailer P ff (x ff , y ff )
The midpoint of the front end of the tractor P fr (x fr , y fr )
The midpoint of the rear end of the tractor P rf (x rf , y rf )
The midpoint of the front end of the trailer P rr (x rr , y rr ) The midpoint of the rear end of the trailer l fa Distance between the front axle and the front end of the tractor l fb
The wheelbase of the tractor l fc Distance between the rear axle and the rear end of the tractor l ra Distance between the articulation point and the front end of the trailer l rb Distance between the articulation point and the axle of the trailer l rc Distance between the axle and the rear end of the trailer A
The area in front of the tractor B
The area on the side of the tractor C
The area behind the tractor
The straight line perpendicular to the body at point P ff , the parametric formula of lines y = cot(θ f )(x − x ff ) + y ff l 2
The straight line perpendicular to the body at point P fr , the parametric formula of lines y = cot(θ f )(x − x fr ) + y fr l 3 Middle line of the tractor, parametric formula of lines y = tan(θ f )(x − x f ) + y f d 1 Distance between the obstacle center and l 1 d 2 Distance between the obstacle center and l 2 d 3
Distance between the obstacle center and l 3 D
The area in front of the trailer E
The area on the side of the trailer F
The area behind the trailer l 4 The straight line perpendicular to the body at point P rf , the parametric formula of lines y = cot(θ r )(x − x rf ) + y rf l 5 The straight line perpendicular to the body at point P fr , the parametric formula of lines y = cot(θ r )(x − x rr ) + y rr l 6 The middle line of the trailer, the parametric formula of lines y = tan(θ r )(x − x f ) + y f d 4 Distance between the obstacle center and l 4 d 5
Distance between the obstacle center and l 5 d 6 Distance between the obstacle center and l 6
